Numerical solution of the two-dimensional wave equation requires mapping from a physical domain without boundaries to a computational domain with artificial boundaries. For realistic solutions, the artificial boundaries should cause waves to pass directly through and thus mimic total absorption of energy. An artificial boundary which propagates waves in one direction only is derived from approximations to the one-way wave equation and is commonly called an absorbing boundary. Here we investigate order 2 absorbing boundary conditions which include the standard paraxial approximation.
INTRODUCTION
Many geophysical problems, including modeling of the earth' s crust and seismic exploration for gas and oil, are problems in wave propagation, requiring solution of the two-dimensional (2-D) wave equation. In obtaining a numerical solution, an essentially infinite domain is mapped onto a finite region with artificial boundaries. Ideally, the solution computed on the finite region should coincide with the free-space solution. Provided that there are no external mechanisms which cause reflection back into the domain, the artificial boundaries should simulate outward radiation of energy.
One approach, considered by Cerjan et al. (1985) , is to enlarge the computational domain and apply a damping mechanism in the artificial part of the domain. Any remaining signal that is reflected is, the authors hope, too small to contaminate the results. While effective, this approach is computationally expensive. The alternative, which has been the L" or Chebychev-PadC approximations are best for wide-angle absorption and that the Chebychev or least-squares approximations are best for uniform absorption over a wide range of incident angles. Our results also demonstrate, however, that the boundary conditions are stable for varying ranges of Courant number (ratio of time step to grid size). We prove that there is a stability barrier on the Courant number specified by the coefficients of the boundary conditions. Thus, proving stability of the interior scheme is not sufficient. Furthermore, waves may radiate spontaneously from the boundary, causing instability, even if the stability bound on the Courant number is satisfied. Consequently, the Chebychev and least-squares conditions may be preferred for wide-angle absorption also. investigated in a variety of ways, is to use absorbing boundary conditions. Clayton and Engquist (1977) used paraxial boundary conditions which are perfectly absorbing for rays at normal incidence. Higdon (1986) constructed boundary conditions by working directly with difference approximations in order to minimize the amplitude of the reflection. His schemes are consistent with analytical conditions that are perfectly absorbing at particular nonzero angles of incidence. Similarly, Reynolds (1978) minimized the reflection coefficient by factoring the differential equation.
Here we investigate a particular class of absorbing boundaries which contains the Clayton and Engquist order 2 approximation. The paraxial approximations are based on an approximation to the dispersion relation of the one-way wave equation. For a polynomial, this approximation is the Taylor series approximation; and for a rational function, it is the PadC approximation. Trefethen and Halpern (1986) established conditions for any rational approximation to the dispersion relation to be well-posed for the solution of the In the next section, we give a brief review of the one-way wave equation. A complete description of the calculation of approximations to the dispersion relation is given by Trefethen and Halpern (1986). The efficiency of various boundary conditions can be compared by examining the theoretical reflection coefficients. In each case, they are perfectly absorbing at some angle of incidence. A plot of the reflection coefficients, however, demonstrates which conditions should be more uniformly absorbing for either all angles of incidence, wide-angle absorption, or near normal incidence. Theory predicts that the L" approximations are best for wide-angle absorption, but that the Chebychev-PadC approximation yields a more uniform amplitude of the reflected wave. For absorption over all angles, the Chebychev and least-squares approximations have minimal reflection. Our numerical results partially confirm the theoretical predictions but also demonstrate that stability should be considered.
Although all of the methods are well-posed, a well-posed method does not guarantee stability of the numerical solution. The finite-difference approximations to the boundary equations need not be stable for all Courant numbers (ratio of time step to grid size). Our experiments demonstrate that not all Courant numbers allowable by the stencil (i.e., set of grid points used to calculate value at the current grid point) of the interior scheme lead to stable methods. Indeed, the Chebychev-PadC boundary condition can only be stable up to about Courant number 0.57. The least-squares and Chebychev approximations are stable up to 0.68 and 0.65, respectively. In our discussion on stability, we present a theorem necessary for stability with proof in Appendix B. This theorem confirms the numerical results. The condition is, however, not sufficient. In particular, the L" approximation exhibits the presence of generalized eigensolutions at Courant numbers smaller than those predicted by the theorem. Clayton and Engquist (1977) .
Each of these equations is perfectly absorbing for particular incident angles which are given in Table 2 . In Figure 1 we plot their reflection coefficients as given in Appendix A.
We observe that the Chebychev, L2, and Chebychev-Pad6 approximations lead to theoretical reflection coefficients that are uniformly small for a wide range of angles. The reflection coefficient of the commonly used Pad6 approximations is smallest at near-normal incidence to the boundary but becomes larger at angles greater than 50". For the case where uniform absorption at all angles is desired up to glancing incidence (8 near 900), it seems that the Pad& or paraxial approximation as it is called, is not to be preferred.
To determine how accurately the theoretical reflection coefficient models the numerical solution and, hence, to see if it gives a good guide as to which method to use, we performed some experiments. These are described in the next section. We used the standard five- 
Well test
In the first test, an acoustic pulse was sent down a deep 2-D well with absorbing boundaries on all sides except the top, which was totally reflecting. The well was 400 m wide and varied from 2000 to 3000 m deep depending on the size of the Courant number being used. The initial pulse was started at the center of the top boundary (see Figure 2) .
As the pulse moves down the well, it is possible to determine the reflected energy by integrating the acoustic energy within the well every time step. The total energy of the pulse within the well, normalized with respect to the initial pulse, was calculated as a function of position of the wavefront down the well using the energy function corresponds to an angle of reflection of about 68"-69", which compares well with the predicted value in Table 2 . In Figure 1 I, the reflection goes through zero near hydrophone number 55, which corresponds to an angle of about 64", again agreeing with the value in Table 2 . Figure 12 appears to have a minimum near the rightmost traces, but it is difficult to say anything conclusive. Figures 13 and 14 show large reflections, which we would expect from curves 6 and 7 in Figure I ; but it is impossible to compare amplitudes due to the clipping of the signal.
Clearly, the best absorbing boundaries are those with the smallest reflection coefficients in the region of interest. In this experiment, they were the Chebychev and the L2 boundaries.
STABILITY
The preceding experiments demonstrated that where uniform absorption is required, the Chebychev and L* approximations are indeed most suitable for the Courant number p_ = 0.3. Note from Figure 7 . however, that an instability is evident at Courant number t_~ = cAtlAx = 0.6, whereas the Chebychev method is stable. Therefore, in order to determine which boundary condition to use, we need to find the range of Courant numbers for which a particular choice is stable. We have determined these ranges numerically. The results are given in Table 3 The bounds on Courant number as given by this theorem are summarized in Table 4 . A comparison with Table 3 shows that these bounds are attained except for the L" and Chebychev-Pade cases. The theorem, however, is only necessary for stability and does not exclude the possibility of wave-like solutions radiating spontaneously into the domain from the boundary as a result of rounding error. Trefethen (1984) and Higdon (1986) showed that these wave-like solutions, called generalized eigensolutions, can lead to wild instabilities
The analysis in Appendix B shows that generalized eigensolutions exist for all boundary conditions considered here and explains, in part, why Tables 3 and 4 do not agree completely. The numerical experiments use low-frequency data for which the wave is well-resolved on the grid with little dispersion. Because zero-frequency data are completely reflected, it should be expected that the low-frequency data are reflected significantly. Our results do not explain why the L" condition performs much worse than the other boundaries.
CONCLUSION
The numerical results presented here support the theoretical analysis of the boundary schemes. We have shown that the stability of the boundary equation with respect to the interior equation is important. The bound on the allowable Courant number for the interior scheme is reduced by implementation with some boundary conditions. Furthermore. all of the boundaries support wave-like solutions which can radiate spontaneously into the domain because of rounding errors. These wave-like solutions of the boundary operator are called generalized eigensolutions and cause instabilities that appear to be negligible except with the L" and Chebychev-PadC conditions. Low-frequency data, which are well resolved on the grid with little dispersion, may be reflected substantially because zero-frequency data are completely reflected. These instabilities due to the generalized eigensolutions and the effects with high-frequency data will be investigated in future work.
We cannot say which boundary condition is best in all cases. Where rays at normal incidence exist only, the PadC (Clayton-Engquist) boundary is suitable. For uniformly small reflection over all angles, the Chebychev and leastsquares conditions are superior. The best wide-angle behavior is exhibited by the Chebychev-Pad6 and L" conditions. Extension of our results to more general approximations T(S) is planned. tions for acoustic and elastic wave equations: Bull., Seis. Sot. Am., 67, 1524-1540.  Gustafsson, B., Kreiss, H. O., and Sundstrom, A., 1972 
APPENDIX A DERIVATION OF THE ONE-WAY WAVE EQUATIONS
If the square root in equation (4) 
